Absence of exponentially localized solitons for the 
Novikov-Veselov equation at negative energy 

A.V. KazeykinaS, R.G. Noviko^ 

Abstract. We show that Novikov-Veselov equation (an analog of KdV 
in dimension 2 + 1) does not have exponentially localized solitons at negative 
energy. 

p ; 1 Introduction 

(N 

^ ■ In the present paper we are concerned with the following (2 + l)-dimensional 

pLn ' analog of the Korteweg-de Vries equation: 

d t v = 4Re(4<9> + d z {vw) - Ed z w), 

d- z w = -3d z w, v = v, E e ffi, (1.1) 
9^ v = v(x,t), w = w(x,t), x = (xi,x 2 ) e M 2 , teR, 



(N 
O 



c3 



where 



^=K^ - ^)' ds =l{-k +i -k ] - (L2) 



J> . Equation (II. ip is contained implicitly in the paper of S.V. Manakov [M 

o 



as an equation possessing the following representation 
d(L - E) 



dt 



[L-E,A} + B(L-E) (1.3) 



(Manakov L-A-B triple), where L = —A + v(x,t), A = Ad z d z , A and B are 
suitable differential operators of the third and zero order respectively, [■,■] 
denotes the commutator. Equation (II. ip was written in an explicit form by 
S.P. Novikov and A. P. Veselov in |NVlj . [N V2j . where higher analogs of (II. ip 
were also constructed. Note that both Kadomtsev-Petviashvili equations can 
be obtained from (II. ip by considering an appropriate limit E ±oo (see 
[ZS], P). 

In the case when v(xi,X2,t), w(xi,X2,t) are independent of x 2 , 01.11) can 
be reduced to the classic KdV equation: 

d t u - 6ud x u + dlu = 0, iGl, tel. (1.4) 
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It is well-known that (11.41) has the soliton solutions 

2 k 2 

u(x, t) = u r ^{x-AkH) = - ch 2^ x _ ^ K 2 t _ s G M, < G M, k G (0, +oo), (p G 



Evidently, 



U K,ip £ C C 



;i.5) 



1.6) 



diu K ^{x) = 0(e- 2K|x| ) as x -)• oo, j = 0, 1, 2, . . . 

Properties (11.61) imply that the solitons (II. 5p are exponentially localized in 
x. 

For the 2-dimensional case we will say that a solution (v , w) of (11.11) is 
an exponentially localized soliton if the following properties hold: 

v(x,t) = V(x - ct), iGi 2 , c=(ci,c 2 )Gl 2 , 

VeC 3 (M 2 ), dlV(x) = 0(e" aN ) for |z| oo, |j| ^ 3 and some a > 
(where j = j 2 ) G (0 U N) 2 , \j\ = \ 3l \ + \j 2 \, & x = d^ 2 /dx^dxf), 
w(-,t) e C(M 2 ), w(x, t) as -4- oo, telL 

(1.7) 

In [Nlj it was shown that, in contrast with the (1 + 1) -dimensional case, 
the (2 + l)-dimensional KdV equation (II. ip . at least for E = Ef ixe d > 0, 
does not have exponentially localized solitons. More precisely, in |N1] it was 
shown that the following theorem is valid for E = Ef ixe( i > 0: 

Theorem 1.1. Let (v,w) be an exponentially localized soliton solution of 
U.l\) in the sense fli. 7| ). Then v = 0, w = 0. 

The main result of this paper consists in the proof of Theorem 11.11 for 
the case E = Efi xe d < 0. This proof is given in Section [3] and is based 
on Propositions 13.11 and 13.21 In addition: Proposition 13.11 is an analog of 
the result of |Nlj about the transparency of sufficiently localized solitons for 
equation (II. ip for E > 0; Proposition 13.21 is an analog of the result of [N2j . 
|GNlj that there are no nonzero bounded real-valued exponentially localized 
transparent potentials (that is potentials with zero scattering amplitude) for 
the Schrodinger equation (12.11) for E = Ej ixed > 0. 

Note that nonzero bounded algebraically localized solitons for equation 
(11.11) for E < are also unknown (see [G]), but their absence is not proved. 

As regards integrable systems in 2 + 1 dimensions admitting exponentially 
decaying solitons in all directions on the plane, see [BLMPj . [FSJ. 

As regards integrable systems in 2 + 1 dimensions admitting nonzero 
bounded algebraically decaying solitons in all directions on the plane, see 
[FA] . jBLMPj . [G], [EH] and references therein. 
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2 Inverse scattering for the 2— dimensional Schrodinger 
equation at a fixed negative energy 

Consider the scattering problem for the two-dimensional Schrodinger equa- 
tion at a fixed negative energy: 



- + v(z)il> = Eip, E = E fixed < 
A = 4<9 2 <9 S , z = x\ + ix2, x £ 



(2.1; 



where d z , d 2 are the same as in (jl.2p . We will assume that the potential v(z) 
satisfies the following conditions 



v(z) = v(z), v(z)EL°°(C), 
\v(z)\ < q(l + \z\)~ 2 ~ e for some q > 0, e > 



In this paper we will be concerned with the exponentially decreasing poten- 
tials, i.e. with the potentials v(z) satisfying (12. 2 p and the following additional 
condition 

v(z) = 0(e" a|z| ) as \z\ -> oo for some a > 0. (2.3) 

Direct and inverse scattering for the two-dimensional Schrodinger equa- 
tion (12.11) at fixed negative energy under assumptions (12. 2p was considered 
for the first time in |GN2j . For some of the results discussed in this section 
see also [N2]. [G]. 

First of all, we note that by scaling transform we can reduce the scattering 
problem with an arbitrary fixed negative energy to the case when E = — 1. 
Therefore, in our further reasoning we will assume that E = — 1. 

It is known that for A £ C\(0 U £), where 

8 is the set of zeros of the modified Fredholm determinant A 

, . (2.4) 

for the integral equation (I2.10p . 

there exists a unique continuous solution ip(z, A) of (12. ip with the following 
asymptotics 

ij>(z,\) = e-^ x ~ z+z/x) fi{z,X), n(z,\) = l + o(l), \z\^oo. (2.5) 
In addition, the function n(z, A) satisfies the following integral equation 

H(z, A) = 1 + J J g(z - C, AMOMC, \)<Kr(Ki, (2.6) 

Cec 

Cec 
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where z G C, A G C\0, ( R = Re(, (i = ImC- 

In terms of ^ of (I2.5P equation (12. 6 p takes the form 

i;(z, A) = e -W*WA) + jj G{z ^ C X)v(C)^(C, A)dC**6, (2-8) 

CeC 

G(z, A) = e- 1/2(A5+2/A) ^(z, A), (2.9) 

where 2 G C, A G C\0. 

In terms of m(z, A) = (l + |z|)- (2+e)/2 /iO, A) equation (gSD takes the form 

ro(z,A) = (l+|z|r (2+£)/2 + j I (l+N)- (2+e)/2 g(*-C, A) - ^^ m(C, AR^O, 

CeC 

(2.10) 

where z G C, A G C\0. In addition, A(-,-,X) G L 2 (C x C), |TrA 2 (A)| < oo, 
where A(z, (, A) is the Schwartz kernel of the integral operator A(X) of the 
integral equation ( I2.10p . Thus, the modified Fredholm determinant for (I2.10p 
can be defined by means of the formula: 

In A(A) = Tr(ln(J - A(X)) + A(X)) (2.11) 

(see |GKj for more precise sense of such definition) . 

Taking the subsequent members in the asymptotic expansion (I2.5P for 
i/;(z,X), we obtain (see |N2] ) : 

if>(z, A) = exp (\z + ^ ^ 1 1 - 27rsgn(l - AA) x 



z-X 2 z ^\2\\X J \X J JJi(X 2 z-z)J \\z 



(2.12) 



\z\ -> oo, A G C\(£U0). 

The functions a(A), 6(A) from (12.121) are called the "scattering" data for 
the problem fETTj) . (ET2j) with E = -1. It is known that for a(A), 6(A) the 
following formulas hold (see |N2j ): 



P 2 



«(A) = I ^ ) / / M*, A)v(z)tZ«fld«j, (2.13) 



1 \ 2 /■/■ 



zGC 



K A) = ( - 1 exv\--UX- J \z-\X- J )z)) P L(z, X)v{z)dz R dz I} 



(2.14) 
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where A G C\(0 US), zr = Rez, zj = Imz. In addition, formally, formulas 
f[2~T5j) . ( gUD can be written as 

a(A) = /i(A, A), 6(A) = h (A, i j , (2.15) 



A 



where 



i \ 2 /■/■ n 



^(A, A') = (-1 y y exp ( - (X'z + z/A')J if>(z, X)v(z)dz RZl , (2.16) 

and A G C\(0 U £), A' G C\0. (Note that, under assumptions (J22D, the 
integral in (12.161) is well-defined if A' = A of if A' = 1/ A but is not well- 
defined in general.) 
Let 

T = {A G C: |A| = 1}. (2.17) 
From f)2.15p . in particular, the following statement follows: 
Statement 2.1. Let ( TP)) /jo/d and A ^ onT. Then 

a(X) = b(X), AGT. (2.18) 

The following properties of functions A(A), a(A), 6(A) will play a sub- 
stantial role in the proof of Theorem 11.11 

Statement 2.2. Let ATE hold. Then: 

1. A(A) G (7(C); 

2. A(A) -)• 1 as A -)• or A oo; 
5. A(A) = const for A G T; 

4- A is real-valued: A = A. 
5. A(A) = A(l/A), A g C\0. 
Statement 2.3. Let conditions Il2.2\) - I[2lfy be fulfilled. Then: 

• A(A) is a real-analytic function on D + , D_, where 

D + = {A G C: < |A| ^ 1}, D- = {A G C: |A| ^ 1}. (2.19) 

• a(A) = > ^(A) = a(A) , where *4(A) ; i3(A) are real-analytic func- 
tions on D + , 



Items dHU of Statement 12.21 are either known or follow from results men- 
tioned in [HN], [N2] (see page 129 of [HN] and pages 420, 423, 429 of [N2]). In 
particular, item 1 of Statement 12. 2l is a consequence of continuous dependency 
of g(z, A) on A G C\0; item 3 of Statement 12.21 is a consequence of (12. lip and 
of the formula (see pages 420, 423 of (Nj) G{z, A) = (-i/4)H£(i\z\), z G C, 
A G T, where G is defined by (12. 9p . H$ is the Hankel function of the first type. 
In addition, item \5\ of Statement 12.21 follows from item H] of this statement 
and from symmetry G(z, A) = G(z, 1/A), z G C, A G C\0. 

Statement 12.31 is similar to Proposition 4.2 of |N2] and follow from: (i) 
formulas (]2.13|) . (]2.14|) . (ii) Cramer type formulas for solving the integral 
equation (I2.10p . (iii) the analog of Proposition 3.2 of |N2j for g of (12 .7p . 

Under assumptions (12.21) . the function /i(z, A), defined by (12. 6p . satisfies 
the following properties: 

fi(z, A) is a continuous function of A on C\(0 U £); (2.20) 



= r(z, A)M^A), (2.21a) 

r(z, A) = r(A) exp Q (7a - V\ z - (x - z\ V (2.21b) 

r(A) = ^ ~ A \ A ) (2.21c) 
A 

for A G C\(0U£); 

/i 1, as A -> oo, A 0. (2.22) 

The function 6 possesses the following properties (see |GN2] . |N2] ): 

b G C(C\£), (2.23) 



6(A), 6^=J=6(A), AgC\0, (2.24) 

A _1 6(A) G L p (£>+) ( as a function of A) if £ = 0, 2 < p < 4. (2.25) 

In addition, the following theorem is valid: 

Theorem 2.1 f jUN2] , [N2]). Lei u sate/y / TOP and £ = for this potential. 
Then v is uniquely determined by its scattering data b (by means of Ii2.20\) . 
( d 2 1\) and equation ( TP]) for E = -1 and ip of (TJ2P ). 
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Finally, if (v(z,t),w(z,t)) is a solution of equation (II. ip with E = —1, 
where (v(z,t),w(z,t)) satisfy the following conditions: 

v, w G C(R 2 x R) and for each t G R the following properties are fulfilled: 

v(-,t) G C 3 (R 2 ), <9^(x,i) = O (|x|~ 2 - £ ) for \x\ oo, |j| < 3 and some e > 0, 

(2.26) 

w(x,t) — > for |x| — >■ oo, 

then the dynamics of the scattering data is described by the following equa- 
tions 

a{X,t) = a(A,0), (2.27) 
6(A, t) = exp | ^A 3 + 1 - A 3 - Vj 1 1 6(A, 0), (2.28) 

where A G C\0, t G R. 



3 Proof of Theorem 1.1 



The proof of Theorem 11.11 is based on Proposition 13.11 and Proposition 13.21 
given below. 

Lemma 3.1. Let v(z) satisfy K2.2t) and a(X), 6(A) be the scattering data 
corresponding to v(z). Then the scattering data a^(X), b^(X) for the potential 
V{(z) = v(z — £) are related to a(X), 6(A) by the formulas 

a ( (X) = a(X), (3.1) 

6 f (A) = exp f~ (( A " x) C " (A - ~) <)) 6(A), (3.2) 

w/iere z,( G C, A G C\0. 

Proof. We first note that ip(z — (,, A) satisfies equation (12.11) with the operator 
L = —A + V{(z). Then the function ip^(z,X) corresponding to v^(z) and 

possessing the asymptotics (12. 5p is ip^(z,X) = e~^^ + ^ x ^ip(z — (,X). In 
terms of function /x this relation is written fi^(z, A) = fi(z — (, A) Thus we 
have 

P 2 



Of (A) = ( ^- J / / v(z - C)n(z - C, X)dz R dz! = a(A), 
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and, similarly, 



l^z) ffe*!>(-U(\-l)z-(\-±)z\ 



2nJJJ ' 1 \ 2 V V A / V A 



x v(z — Qn{z — C, X)dzRdzi = 

.-p(-i((*4) f -( s -gc)) w . 

□ 

Proposition 3.1. Let (v(z,t),w(z,t)) be an exponentially localized soliton of 
U.l\) in the sense fll. 7| ). Let b(X, t) be the scattering data for v(z, t) for some 
E = Efi xe d < 0. Then b(X,t) = in the domain where it is well-defined, i.e. 
in C\£ , where £ is defined by {2.1$ . 

Proof. In virtue of (I2.28P and Statement 12.31 it is sufficient to prove that 
b(X, 0) = in some neighborhoods of and oo. 

Let Uq, Uqo be the neighborhoods of and oo, respectively, such that 
A ^ in Uq, Uqo (such neighborhoods exist in virtue of item |2] of Statement 
12. 2p . For A G Uq U U^ the function b(X, 0) is well-defined and continuous. 
As (v(z,t),w(z,t)) is a soliton, the dynamics of the function b(X,t) can be 
written as 

6(A, t) = exp (-1 (( X - i ) c - ( X - i ) cj tj b(X, 0) (3.3) 



2 V V X V A 



(see Lemma I3~T|) . 

Combining this with formula (I2.28p . we obtain 

^4(( A 4) 5 -(M) c ) f } 6(A ' 0)= 

= ^{(A 3 + ^-A 3 -i)<}6(A,0). 

As functions A, A, j, =, A 3 , A 3 , ^3, ^, 1 are linearly independent in any 
neighborhood of and 00, we obtain that b(X, 0) = in Uq U Uoo- D 

Proposition 3.2. Let v(z) satisfy A2.2\) - I[2~cfy and 6(A) be its scattering data 
for some E = Ef ixe( i < 0. Ifb(X) = in the domain where it is well-defined, 
i.e. in C\£ , where £ is defined by \2.1$ , then v = 0. 



Note that Proposition 13.21 can be considered as an analog of Corollary 3 
of [GNT]. 



S 



Proof of Proposition \3.2i 1. First we will prove that from the assumptions 
of this proposition it follows that a(A) = in U$ U U^, where U and 
Uoo are such neighborhoods of and oo, respectively, that A(A) ^ 
for Aef/ U Uoo. We note that from (12131) . fl2~T4jl . (l2~2Ta) . (12^2]) it 
follows that 

<9a(A) 7rsgn(l — AA) 



6(A)6(A), AgC\(£U0), (3.4) 
a(A) — )■ £>(0) as A — > oo or A — > 0, where (3.5) 

= (h) 1 1 e ^ Z+P " )v ^)dz R dz h P eC. (3.6) 
zee 

It means that 

a(A) is holomorphic in C\(£). (3.7) 

According to item[3]of Statement 12. 2^ A(A) = const for A G T. We will 
consider separately two cases: A = C ^ on T and A = on T. 

(a) A(A) = C + on T: 

From item [1] of Statement 12.21 it follows that there exists Ut, a 
neighborhood of T, such that A(A) ^ in C/y- Thus a(A) is 
holomorphic in Ut- From Statement 12.11 we obtain that a(A) = 
6(A) = on T. It follows then that a(A) = in Ut- Using 
statement 12. 3[ we obtain that a(A) = in Uo U {Too. 

(b) A(A) EOonT: 

In |HNj the <9-equation for A was derived. In variables A, A it is 
written as 



<9A A V VA 

Equation (13. 8p and properties (13. 5p . (13. 7p imply that d|ji , A is an 
antiholomorphic function in Uq U [/oo, where A is close to 1 and, 
thus, In A is a well-defined one-valued function. As A is a real- 
valued real analytic function, it follows that 



lnA = /(A) + /(A) (3.9) 
for some holomorphic function /(A), or 



A = F(X)F(X) (3.10) 
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for some holomorphic function F(X) on UqUU^. Now we will use 
the following lemma (the proof of this lemma is given in Section 
H: 

Lemma 3.2. Let A (A) be real-analytic in D + = {A G C: < |A| < 1}. 
Suppose that A (A) can be represented as 

A(A) = F(\)~F(X), XeU , (3.11) 

for some function F(X) holomorphic on Uq, a neighborhood of zero. Then 
the representation holds on D + , i.e. F(X) can be extended analytically 

to D+. 

Thus, the representation (I3.10p is valid separately on D + and on 
£)_, where we used also item Oof Statement 12.21 As A(A) = on 
T, it follows that F(X) = on T and, further, F(X) = on C. This 
contradicts with item [2] of Statement 12.21 Thus we have shown 
that under the assumptions of Proposition 13.21 the case A(A) = 
on T cannot hold. 

2. Our next step is to prove that A (A) = 1 for A G C. 

Formula (13. 5p states that a(0) = a(oo) = v(0). Thus from equation 
(13. 8p it follows that = 0, and In A is holomorphic in some neigh- 

borhood of and oo. As A(A) is a real-valued function and item [2] of 
Statement 12.21 holds, we conclude that A = 1 in some neighborhood of 
and oo. Now using Statement 12.31 we obtain that A = 1 in C and, 
corollary, 8 = 0. 

3. From the previous item it follows that equation (12. 2 lap holds for VA: 
A G C\0. Due to the assumptions of Proposition 13.21 and the property 
that £ = 0, we have that b = on C which means that fi(z, A) is 
holomorphic on D + , D_. As it is also continuous on C and property 
(I2.22p holds, we conclude that /i(z, A) = 1 and v(z) = 0. 



□ 



Proof of Theorem \l . 1\ for E 
Propositions I3.1[ 13.21 



E fixed < 0. The result follows immediately from 

□ 
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4 Proof of Lemma 13.2 



As F(\) is analytic in Uq, it can be represented in this domain by a Taylor 
series. Let us consider the radius of convergence R of this Taylor series. 
Suppose that the statement of Lemma [3.21 is not true and R < 1. 

Let us take a point Ao, such that \X \ = R. In this point A (A) can be 
represented by the following series 

oo 

A(A)= $> fc>J (A-A ) fe (A-Ao) J (4.1) 

k,j=0 

uniformly convergent in U\ , some neighborhood of Ao- We will prove that 
the coefficients bj tk satisfy the following properties: 

b kyk G R, 6 fc ,fc > 0; (a) 
hj = b jtk ; (b) 
bk,jb m: i = b k: ib m j. (c) 

Indeed, 

1 



ft mv^A(A) = ft w'W 2 eR ^°- 

A=A A ^ Ao (* ! ) A ^ A ° ( kl ) 



(6) = hi = lim Q ^F(A)^(A) = lim = ^- 



(c) : b k jb m>l = hm ] ^^d k x F(\)%F(\)d?F(\)d l x F(\) = b kil b m j. 

From properties (a)-(c) it follows that there exist such a k G C, k = 
0, 1, . . ., that 

b kJ = a k dj. (4.2) 
We will prove this statement by considering two different cases: 

1. b k:k = 0Vk GNUO 

In this case from properties (b), (c) it follows that b k j = Vfc, j G NUO, 
and we can take a k = Vfc G N U 0. 

2. b ktk ^ for some k G N U 0. 

In this case we take / to be the minimal number such that bij ^ 0. 
Then we set a = a\ = . . . = a;„i = and we take an arbitrary 
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complex number ai satisfying \a{\ 2 = 6^. For the rest of the coefficients 
we set 

a n = ^, (4.3) 

CLl 

where n = I + 1, 1 + 2, 

Now let us prove property (14.21) . Let us suppose that k < I. Then 
dk = 0, bk,k = and from properties (b), (c) it follows that bkj = 
Vj G N U 0. Thus property (14.21) holds when k < I. A similar reasoning 
can be carried out when j < I. Now let us suppose that k > I, j > I. 
Then 

am k t , 
Representation ( 14. 2 p is proved. 

From convergence of series (14.11) it follows that the following series 



a k a i = — — = — r^- = hj- (4.4) 



F 1 (A) = ^a fc (A-A ) fe (4.5) 



fc=0 



converges uniformly in U\ (indeed, the case when bk t k = Wk G N U is 
trivial, and in the case when 3/: fry ^ we take the sum of the members 
of series (14. ip with coefficients bk t i, k = 0, 1, . . ., and obtain series (14.51) mul- 
tiplied by a; (A — A )'). Thus there exists the function -F\(A) analytic in U ( 



o 



such that A(A) = Fi(A)Fi(A). Consequently, we have two functions F{\) 
and Fi(X) analytic in a common domain lying in {A G C: |A| < R} fl U\ () 
and such that |-F(A)| = |Fi(A)|. It means that F(X) and F\(X) are equal up 
to a constant factor: F(X) = fiFi(\), \fi\ = 1. It follows then that fiFi(X) is 
an analytic continuation of F(X) to U\ . 

The same reasoning can be applied to any point A on the boundary of 
the ball Br = {A G C: |A| < R}, i.e. F(X) can be continued analytically 
to some larger domain. Hence we obtain a contradiction to the assumption 
that R < 1 is the radius of convergence of the Taylor series for F(X). Thus 
R = 1 and F(X) can be extended analytically to D + . □ 
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